Our paper concerns the scattering of intense laser radiation on free electrons and it is focused on the relation between nonlinear Compton and nonlinear Thomson scattering. The analysis is performed for a laser field modeled by an ideal pulse with a finite duration, a fixed direction of propagation and indefinitely extended in the plane perpendicular to it. We derive the classical limit of the quantum spectral and angular distribution of the emitted radiation, for an arbitrary polarization of the laser pulse. We also rederive our result directly, in the framework of classical electrodynamics, obtaining, at the same time, the distribution for the emitted radiation with a well defined polarization. The results reduce to those established by Krafft et al. 
I. INTRODUCTION
The invention of the laser fifty years ago, has fostered many theoretical studies [1] , treating the interaction of the electrons with an intense electromagnetic field. For theorists this was a field where new methods of investigation were necessary. Based on these, processes such as electron reflection and refraction, nonlinear Compton scattering and one-photon pair production have been studied. In recent years, progress of experimental physics, leading to the detection of some of the fundamental nonlinear processes possible in head-on collisions of very fast electrons with an intense laser beam (10 18 W/cm 2 ) [2] , has renewed interest in theoretical studies, especially in the relativistic regime. Review papers such as those of Salamin et al. [3] and Ehlotzky et al. [4] have been published and we refer to them for bibliography and details.
The particular new interest for nonlinear Compton scattering with free electrons is also related to the possibility it opens for new sources of ultra short pulses in the X-ray domain, with durations extending from the picosecond range, as discussed by Esarey et al. [5] , to the attosecond domain [6] . Even the production of zeptosecond X-ray pulses is under theoretical study [7] . Envisaged applications are numerous and various and they continue to stimulate experimental investigations [8] .
In the description of intense radiation scattering on free electrons, classical electrodynamics (CED), in which the electron is subject to the laws of classical mechanics and the electromagnetic field obeys Maxwell equations, as well the theory applying quantum mechanics for the electron, are used in the literature. In the latter case, the external field is described classically but, as the process involves spontaneous emission of a photon, the interaction with the quantized electromagnetic field is also taken in account. This hybrid approach will be referred to as quantum in the following.
In the regime of low incident radiation frequency ω 1 , such that ω 1 ≪ mc 2 (m the electron mass and c the velocity of light), the name Thomson scattering is currently given to the process. In this situation, classical theory is used and so under the name of nonlinear
Thomson scattering one finds classical calculations. And then one speaks sometimes in the literature about "the transition from Thomson to Compton scattering" [9] . We shall adhere to this terminology in our paper, using Compton's name when referring to quantum calculations and Thomson's name for classical calculations.
The majority of published calculations, classical or quantum, refer to the monochromatic case. With some exceptions that illuminate the analysis of the laser pulse case, we shall not quote them here, as they are well described in the review papers we have mentioned before.
The subject of our paper is the connection between Thomson and Compton scattering beyond the monochromatic case. Our study is performed for an electromagnetic plane wave which is supposed to have a finite extension in the direction of propagation but an indefinite extension in the plane orthogonal to this direction. This wave will be designated in the following as a laser pulse. Our contribution concerns two aspects: i) the connection between the basic equations describing Thomson and Compton scattering and ii) qualitative and quantitative similarities and differences in the predictions extracted from these equations.
For Thomson scattering with a laser pulse, alternative expressions to the general ones found in the textbooks [10] for the energy and angular distribution of the emitted radiation have been derived by Krafft [11, 12] in a particular scattering geometry. The evolution of the classical electron in the case of a plane wave and beyond it is discussed in detail by
Hartemann and coworkers [13] in their paper presenting calculations based on an accurate description of the three-dimensional focus of a laser wave, in both the near-field and far-field regions; more papers presenting numerical calculations for a realistic, focused laser pulse have been published in the last ten years (Lee et al. [14] , Gao [15] , Lan et al. [16] , Heinzl et al. [17] ). Other numerical calculations [18] have investigated different aspects such as the effects of the electron beam emittance and energy spread on the emitted spectrum. More subtle effects as radiation damping are studied [19] .
Although elaborated many years ago, quantum theory have been applied less to this problem and almost all the calculations refer only to an electromagnetic plane wave, taking advantage of the existence of the Volkov solutions of the Dirac equation. Several recent extended calculations have been made for the monochromatic case [20, 21] and some others for the laser pulse case [17, 22, 23] . A quantum calculation that goes beyond the electromagnetic plane wave model for the laser beam and the description by Volkov solutions is that of Krekora et al. [24] . They have solved the time-dependent Dirac equation for an electron wave packet accelerated by a very strong laser field and have used the LienardWiechert solution of Maxwell equations in order to calculate the scattered light spectra. In particular, they have shown that the width of the initial electronic wavepacket influences the spectrum. More recently, the emission by an electron described by a wavepacket was studied by Peatross et al. [25] , with the conclusion that "the radiative response can be mimicked by the incoherent emission of a classical ensemble of point charges".
Generally, it is expected that the CED results are good when the electron energy loss is small, such that its effect on the electron motion is negligible. This situation was already exploited decades ago by Kramers [26] in a study of electron bremsstrahlung in a Coulomb field and leads to results close to those given by quantum theory [27] for small kinetic energy T 1 of the electron, T 1 ≪ α 2 Z 2 , with α the fine structure constant and Z the nuclear charge.
The connection between quantum and CED results has been discussed in the literature in the monochromatic case. In particular, Goreslavskii et al. [28] have derived the classical energy and angular distribution of radiation starting from the quantum results, in the case of circularly polarized monochromatic radiation. They formulate conditions of applicability of the classical limit for weak fields and for very intense fields. Very recent papers comparing Thomson and Compton scattering are those of Hartemann [29] and Heinzl et al.
[17]. In [17] the comparison is made using numerical data obtained from both classical and quantum calculations for the particular conditions relevant to experiments planned at the Forschungszentrum Dresden-Rossendorf (FZD) and a set of realistic parameters is proposed for an experiment allowing the detection of non-linear Thomson scattering to be performed.
New features of Compton scattering at intensities of the order 10 18 W/cm 2 and very energetic electrons (GeV range) have been revealed by recent studies [30] . At intensities above 10 22 W/cm 2 predictions are that QED effects will modify the radiation emission from these electrons [31] .
Our paper is organized as follows. At the beginning of Sect. II we describe the theoretical framework in which our study is performed and the equations we use in several analytic calculations in both quantum (Sect. II A) and classical (Sect. II B) treatments. In Sect. III we present, for the case of a laser pulse, the derivation of an alternative expression (35) to the standard one [Eq. (14.65) of Jackson's book [10] ] for the energy and angular distribution of the emitted radiation. This expression is derived as the classical limit of the quantum expression (14) . Based on the calculation in Appendix B, made in the framework of CED, we present the classical radiation distributions for two particular state of polarizations. Our formulas are valid for any polarization of the laser; for the particular case of linear polarization orthogonal to the direction of the incident electron they reduce to the expressions published by Krafft et al. [12] which are valid only for this configuration. Sections IV and V are devoted to the comparison between classical and quantum calculations. While qualitative aspects are discussed in Sect. IV implying also the monochromatic case, in Sect. V the comparison is quantitative and it is made with the aim of revealing situations in which the differences matter.
The formulae are given in S.I. units. Numerical results for photon distributions are presented in atomic units, but photon energies are given in eV. The equations in Appendix A for the classical electron trajectory are used in Sect. II in the passage from quantum to classical distributions and in Appendix B, where the new version of the classical distribution is derived directly from Eq. (14.65) of Jackson's textbook [10] .
II. THEORETICAL BACKGROUND
Compton scattering is the name primarily associated with the interaction of a free electron and a photon leading to the emission of a photon with a different direction and frequency (inelastic scattering) and the recoil of the electron. Energy and momentum are conserved and this leaves undetermined two of the six variables of the problem (final photon and electron momenta). This picture, implying the photon, is justified in QED, using second-order perturbation theory, and is suitable at low intensities of the external field. Quantum theory also describes the case in which the electromagnetic field is intense, when perturbation theory is not applicable. In this case the theory adopts a hybrid approach, describing the electron within quantum mechanics (Dirac equation), the external electromagnetic field within CED, and also takes into consideration the interaction of the electron with the quantized electromagnetic field which is responsible for spontaneous photon emission. One can single out the rate for the emission of only one photon in the interaction of the electron with the two electromagnetic fields.
In the following the external field is a plane wave with a fixed direction of propagation characterized by a unity vector n 1 , with a finite extension in the direction of propagation and indefinitely extended in the transverse plane. The initial electron momentum is denoted by p 1 . The final electron has a momentum denoted by p 2 and the emitted photon has the frequency ω 2 and the propagation direction along the unity vector n 2 .
A basic quantity predicted by quantum theory is the radiated energy distribution over frequency and direction of the emitted photon and over the momentum of the scattered electron
We refer to the case in which an average and a summation over the initial and final electron spin was made, and a summation over the emitted photon polarization as well. If the scattered electron is not observed, the relevant quantity is
In CED formalism, the electron, accelerated by the field, emits radiation. The theory leads to predictions for this radiation. The calculation we refer to is made with the assumption that the emission of radiation does not affect the particle motion, so the electron moves on a trajectory well determined by the initial conditions and the final electron momentum is well determined. As a consequence one is led only to a distribution of the emitted radiation frequency and direction,
From the distribution d 2 W/dω 2 dΩ 2 one obtains, in either the classical or the quantum case, the angular distribution of the radiated energy dW/dΩ 2 , its frequency distribution dW/dω 2 and the total emitted energy W total .
The external field we consider is described by a vector potential A orthogonal to the direction of propagation n 1 and depending only on the variable
We shall use the four-vectors
so φ = n 1 · x/c , where x = (ct, r) is the position four-vector. In the monochromatic case the vector potential A is a periodic function of φ , while in the laser pulse case it could be an arbitrary function of it, which becomes negligible for values of φ outside a finite range (φ in , φ f ) . This implies that at fixed position r the external field is present a finite duration, equal to φ f − φ in . We denote by A 0 the maximum value taken by the vector potential and use the notation
with e < 0 the electron charge. In the monochromatic case the dimensionless quantity η 2 is directly proportional to the intensity of the wave and inversely proportional to the square of the frequency.
A. The radiated energy distribution in quantum theory
As mentioned before, in the approach we use here, the external field is described classically; the electron, described in quantum mechanics, interacts also with the quantized electromagnetic field and this interaction, treated in first-order perturbation theory, leads to spontaneous emission of radiation.
Owing to the existence of the Volkov spinors, exact solutions of the Dirac equations for the electron in a classical electromagnetic plane wave, which reduce to plane wave spinors in the absence of the field, one can write an analytic expression for the transition amplitude.
Its expression in the monochromatic case is given in many papers, starting with those from 1964, as quoted for instance in [4] . For the case of a pulse, the transition amplitude is proportional to a product of δ-functions
where the index ⊥ indicates the components orthogonal to the direction of propagation of the laser pulse n 1 , taken in the following as the Oz axis. The function that multiplies the δ-functions can be expressed in terms of three integrals [23] . Details will given in what follows.
As a consequence of the δ-functions present in (7), three conservation laws are valid in the case of a laser pulse. They completely determine the value of the momentum p 2 , for fixed emitted photon frequency and direction. According to Eq. (40) of [23] , this momentum, denoted by p 2 , has the spatial components
and the temporal component
The conservation law for the momentum components perpendicular to n 1 is the same as in the monochromatic case.
The three 1D δ-functions are also present in the transition probability. Integration over the electron attributes eliminates them. In order to obtain the probability for the emission of a photon with the frequency in (ω 2 , ω 2 + dω 2 ) and direction in the solid angle element dΩ 2 , we can directly use Eqs. (42) in [23] : we have to multiply the cross section d 2 σ γ by the flux J (as defined in Eq. (33) of the quoted paper) and by the effective duration of the pulse τ p . We also have to include the factor p 0 2 /n 1 · p 2 omitted previously in [23] . After that, the quantum radiated energy distribution is obtained by multiplying the transition probability with the energy of the emitted photon.
Here we write the spectrum in terms of the integrals a (q) (already used in [23] , and denoted there by A ), and the integral b (q) we introduce here. These integrals are
with
and
The integration in (10) and (11) extends in fact over the pulse duration. A change of the value of the arbitrary constant φ 0 in (13) will lead to an over-all phase factor in the transition amplitude with no effect on the transition probability.
As a result of the integration over the electron momentum, in the expression of the photon spectral and angular distribution that follows, the four momentum p 2 has to be replaced with the four-momentum p 2 described in (8) . We write the mentioned distribution as
where
B. The classical energy and angular distribution
The most used equation for the distribution of the emitted photons over directions and frequencies is that derived in Jackson's book [see [10] , Eq.(14.65)],
with n 2 the unity vector of the observation direction and
In formula (20) the position r(t) , the velocity and the acceleration of the moving electron are all implied.
If the electron is at rest at the initial and final moments in regions where the electromagnetic pulse is zero, an integration by parts leads to the simpler expression [Jackson's Eq.
which requires only the electron position and velocity along its trajectory.
Equations (20) and (22) are valid for any external electromagnetic field. In the following we shall refer only to the case of a plane wave, when the only variable is φ , defined in (4).
In this case the expressions given in Appendix A for the trajectory and velocity are valid.
We transcribe here the expression (21) of the classical phase Φ cl , as convenient for further reference. First we write
and then, using the expressions of the vector r , as a function of φ as in Eqs.(A1), one obtains the phase in terms of the variable φ . Starting from now, we shall use the notation Φ cl (p 1 ; φ) displaying also the argument p 1 , but not ω 2 and n 2 , in order to have a reasonably simple notation, corresponding to that used in (12) ,
Φ 0 is a constant with respect to the integration variable t in (20) . It gives a constant phase factor which has no effect on the energy distribution.
A change of variable from t to φ is useful and is described in Appendix B. The variable φ has already been used in the literature both in quantum and classical calculations [32, 33] ;
it was used in particular by Krafft et al. [11, 12] in their derivation of the energy distribution for two polarization states of the emitted photon, for a special initial configuration. In the next section, using a procedure different from that Krafft et al., we derive the same type of formula, but valid for any polarization of the laser and arbitrary initial directions of propagation of the laser and initial electron.
In CED, a general compact expression is valid for the angular distribution (Eq. (14.53)
of [10] ), namely
with κ defined in (21) . In fact, Jackson's calculation [10] starts with the angular distribution of the radiation and from it derives its spectral decomposition. This means that going from Eq. (19) to Eq. (26), i.e., integrating over emitted frequencies, the interferences between the fields emitted at different times are destroyed. We have used Eq. (26) in the verification of our numerical codes.
III. ALTERNATIVE EXPRESSION FOR THE ENERGY DISTRIBUTION OF RADIATION EMITTED IN THOMSON SCATTERING WITH A LASER PULSE
We present here how the classical energy distribution emerges from the quantum expression (14) . That our equation (35) can be obtained also from the general formulas of CED is proven in Appendix B. At the end of this section we shall present the generalization of the analytic results derived previously by Krafft et al. [12] .
The classical limit can be obtained in a very formal way as the limit → 0 of the quantum expression (14) . The Planck constant appears explicitly, as 1/ in the expression (12) of the phase, and through the emitted photon momentum k 2 . We expect the classical approximation to be good if the emitted photon energy c k 2 is small with respect to the electron energy.
Firstly we analyze the phase (12) . We need to consider the phase for the value p 2 of the first argument, i.e., Φ( p 2 , p 1 ; φ) , with p 2 given by (8) and (9) . In this case one has
where n 1 and P are defined in (5) and (17), respectively. The general expression (12) of the phase can then be directly transcribed as
with d 0 and d defined in (18) . We keep only the terms linear in k 2 in d 0 and d . It is easy to show that
The vector W is the one defined in (25) .
With the previous results, the comparison with (24) shows the expected behaviour:
In the integrals a (q) and b (q) defined by (10) only the phase Φ is affected by the limit → 0 , so one has
Using Eq. (29) in (16), one obtains the classical limit of the coefficients c 1 , . . . , c 4 :
.
Using the previous expressions we get from the quantum spectrum (14), the classical limit
For an electron initially at rest,
and the expression of the photon distribution has the simpler form
with θ the photon scattering angle, n 1 · n 2 = cos θ . Equation (35) , with the coefficients defined in (34), represents our final compact formula for the classical spectral and angular distribution in the case of scattering of an external electromagnetic plane wave with arbitrary polarization on a free electron.
As mentioned in Sect. I, for linear polarization of the pulse, orthogonal to the electron initial momentum the same type of formula as (35) was established by Krafft et al [11, 12] , by a completely different procedure. Defining the scattering plane as the plane containing the vectors p 1 and n 1 , these authors start with the radiation spectrum decomposed into the contribution of polarization perpendicular (σ) and polarization parallel (π) to the plane of scattering in the reference system in which the electron is at rest; then they use an appropriate Lorentz transformation to describe the case of an initially moving electron.
Their final results are contained in Eqs. (14-16) of [12] . We compared our final result 
The vector W is defined in (25) and the quantities a cl and b cl are the integrals in (32) .
In this way we have derived in Appendix B an alternative expression for the vector K in (20), valid for the plane wave case. From it we can calculate the emitted radiation with a given polarization. All the needed information is contained in the vector K 0 . Indeed, if ǫ 1 and ǫ 2 are two polarization vectors,
then one has
The polarization vectors chosen by Krafft et al. are:
whereθ is the angle between the directions of the emitted photon and of the initial electron momentum. Denoting by v σ and v π the components of an arbitrary vector along the polarization vectors ǫ σ and ǫ π , respectively, we obtain:
In the particular case of a linearly polarized pulse with the polarization vector orthogonal to the direction of the incident electron momentum, the two previous equations coincide with Krafft et al. results (Eqs. (14) and (15) of [12] ), with the exception of the factor of 1/2, already mentioned.
Our previous two equations are valid for any polarization of the laser pulse.
Polarization effects in non-linear Compton scattering of a monochromatic plane wave have been studied in detail by Ivanov et al. [34] who also considered effects connected with the electron spin.
IV. COMPARISON OF CLASSICAL AND QUANTUM SPECTRA. QUALITA-
TIVE DISCUSSION
In order to understand the main features of the emitted radiation spectrum and the differences between the classical and quantum results, it is useful to consider the limiting case of the electromagnetic monochromatic plane wave. In this case we use the vector potential
where e x and e y are unit vectors along the principals polarization axes, orthogonal to the propagation direction vector n 1 , and ζ characterizes the polarization of the laser. We denote by k 1 the four-vector k 1 ≡ ω 1 c n 1 ; in this case k 1 has the significance of the momentum of the photon associated with the incident wave.
Referring to the quantum calculations, the use of the general method for dealing with the integrals in Eqs. (10) and (11) (see, for instance, Appendix B of our previous paper [23] )
leads to the expression of the frequency and angular distribution of the radiation emitted during the time τ 0 ,
where the coefficient R (N ) , built from generalized Bessel functions, is proportional to the transition rate of the process in which N laser photons are absorbed and one photon of
is emitted. From the many references for this type of calculation, we quote Lyulka [35] , who has given the explicit form of the transition rate for the general case of arbitrary initial polarization of the electromagnetic wave. More recently, Harvey et al. [20] and Heinzl et al. [17] have reconsidered the particular case of circular polarization.
In the monochromatic case, the spectrum consists in an infinite series of lines whose position is given by
The four vector q 1 in the previous relation is the "dressed" electron momentum,
Since q 1 depends on the field intensity, if follows also that the position of the lines in the spectrum is intensity dependent. It is important to notice that the lines are not equidistant and that ω (N ) 2 has a finite limit for N → ∞,
which depends on the initial momentum and on the initial and final geometry.
From Eq. (47) it follows that in the regime ω 1 ≪ mc 2 , the frequency of the emitted photons can be much larger than the laser frequency if n 1 · p 1 is large and n 2 · q 1 is small; the most favorable case for this blue-shift of the emitted frequencies with respect to the laser frequency is that of energetic electrons in "head-on" collision with the laser beam, with the emitted photon detected in the direction of the initial electron momentum.
An explicit expression for the classical spectrum in the monochromatic case was derived by many authors, we quote only Salamin and Faisal for the particular cases of circular [36] and linear [37] polarization of the laser field. The classical expression for the spectrum in the monochromatic case can be obtained by taking directly the limit → 0 of the quantum results (46), as was made in Sect. III for a pulse. Proceeding this way, one gets
and R (N ) cl is calculated directly from its quantum counterpart R (N ) by taking the limit → 0. This approach of getting the classical distributions was used by Goreslavskii et al.
[28] for circular polarization. These authors have also derived a closed form expression for the angular distribution, generalizing the expression given previously for a head-on collision [5] . The expression (51) follows directly from Eq. (47) by neglecting the term Nn 2 · k 1 .
This is in agreement with the way the classical spectrum follows from the quantum one, as shown in Sect. III for the case of a plane-wave pulse.
In contrast to the quantum case, in the classical limit, the lines are equidistant and there is no frequency cut-off as lim
It is worth mentioning the particular case of head-on collisions, circular polarization of the laser and the emitted photon detected along the direction of the incident electron (backward scattering) when, both in the classical [5] and quantum case, the coefficients R (N ) vanish for N ≥ 2 . This property can explain the behaviour found in the laser pulse case in some of the numerical examples presented in the next section.
In the monochromatic case, the comparison between the classical and quantum results made by Goreslavskii et al. [28] has established conditions of applicability for the classical approximation; with η defined in (6) and γ ≡ E 1 /mc 2 , they find the conditions: i)
For an electron at rest they estimate the emission angles to be of the order of 1/η and give the condition ω 1 η 2 /mc 2 ≪ 1 . The numerical examples presented by us in the following section correspond to the regime γ ≫ η ∼ 1, and electron counterpropagating with respect to the laser pulse, for which Goreslavskii's Eq.
(16) reduces to ω 1 γ/mc 2 ≪ 1 . The latter conclusion follows also from the analysis of the relation between Compton and Thomson scattering made by Heinzl et al. [17] . They have reached the conclusion that the l photon absorption contribution to the Compton radiation spectrum reduces to the corresponding quantity in Thomson scattering if the parameter
, defined in their equation (18) and transcribed here in our notation, is much smaller than 1.
For the case of a finite laser pulse, in both classical and quantum cases, the spectrum becomes continuous; the discrete lines being replaced by maxima whose shape and width depend on the shape and length of the laser pulse. The dominant maxima are located near the corresponding positions of the lines obtained in the monochromatic case for the same initial energy of the electron and for the field intensity equal to the peak-intensity of the pulse. The extension of the spectrum is due to the fact that, in contrast to the monochromatic case, during the pulse, the electron feels a varying laser intensity, between 0 and I max . As a consequence, for a fixed observation direction, the line corresponding 2 (I) decreases with the increase of the intensity I, it follows that when the intensity of the pulse increases, the peaks in the spectrum spread toward lower frequencies than the position of the line corresponding to the null intensity limit; one can write a simple expression of the width in terms of the difference between the corresponding wavelengths,
with λ 1 the wavelength of the initial radiation.
In the numerical examples presented in the next section we shall compare classical and quantum spectra obtained for a finite laser pulse. We shall consider a laser with the frequency in the optical domain and values of η in (6) of the order of unity, which corresponds to the intensity of the order of the atomic unit, counterpropagating with very energetic incident electrons (energy in the GeV range). This case is favorable for the emission of energetic photons and important differences between the classical and quantum case will be visible.
V. COMPARISON OF CLASSICAL AND QUANTUM SPECTRA. NUMERICAL RESULTS
In this section we compare directly numerical results for radiation spectra in Thomson and Compton scattering. We try to connect, wherever possible, the various features of the results to the qualitative discussion in the previous section.
We consider a Gaussian laser pulse, described by the vector potential
All the numerical results presented in this section, except for the last one, correspond to a circularly polarized pulse, ζ = π/2. The factor 1.1774 in the exponent of the Gaussian envelope is chosen such that the dimensionless parameter τ is the full width at half maximum F W HM (measured in cycles) of the intensity profile of the pulse. The frequency ω 1 was chosen, unless otherwise stated, such that ω 1 = 1.17 eV, i.e., close to the fundamental frequency of the Nd:glass laser. In all the calculations presented in this paper we choose τ = 10 cycles, which, for the wavelength we use corresponds to the FWHM of the pulse of about 35 fs. The peak intensity is characterized by the parameter η defined in (6); for η = 1 and for the frequency we have mentioned the peak intensity of the laser pulse is
As very energetic electrons produce energetic photons, whose momentum k 2 is not negligible, quantum effects should appear in the regime we consider. In order to characterize the energy E 1 of the incident electron we use the dimensionless parameter γ = E 1 /mc 2 .
With one exception, we shall consider head-on collisions; we present results only for γ ≥ 10 3 as at lower electron energies, for the laser parameter considered here, we have verified that the classical and quantum results are practically the same. This is in agreement with the condition of validity for classical results γ ω 1 /(mc 2 ) ≪ 1 given by Goreslavskii and discussed in the previous section; for γ = 10 3 these ratio is 0.002.
For the particular geometry chosen and a circularly polarized laser pulse, the process has an axial symmetry about the laser propagation direction. At the very high energy considered for the incident electron, the radiation is emitted in a very narrow cone whose axis has the direction of the incident electron. We shall denote by θ γ−e = π − θ the angle between the direction of the incident electron and that of the emitted photon.
We shall start with the illustration of a scaling law valid for the classical results, true if the envelope in the expression of the vector potential is chosen as a function of the product ω 1 φ only, as it is the case in Eq. (53). In such a situation, from Eq. (35) it follows, by simply making a change of variable from φ to ω 1 φ in the integrals (32) and from χ to ω 1 χ in the
is a function of ω 2 /ω 1 only. In order to illustrate this property, we have calculated the spectrum for γ = 10 4 , η = 2 and θ γ−e = 10 −4 π, for three values of the laser frequency ω 1 = nω 0 , with n = 1, 2, and 10 and ω 0 = 1.17 eV. In Fig. 1 the spectra
are represented as function of the scaled frequency ω 2 /n . The full black lines correspond to n = 1, the dotted red to n = 2 and the dashed green lines to n = 10.
The classical results should be the same in all three cases, and as the corresponding curves overlap perfectly, we see only one curve in the upper part of the figure. The agreement between the numerical results obtained in the classical case for the three different incident frequencies is a check of our classical code. In the quantum case, since the scaling law is not valid, the three spectra are different.
Next we shall consider angular distributions dW dΩ 2 of the emitted photon. In Fig. 2 results are practically identical; differences are found at γ = 10 4 and they become large at γ = 10 5 . In all cases, the classical and quantum results have similar shapes; the quantum results are always lower than the corresponding classical ones which is a consequence of the fact that in the quantum case the spectrum is compressed toward lower frequencies (see also the discussion further on). When the field intensity increases, the angular distribution becomes "wider", i.e. it spreads up to larger angles θ γ−e . In the monochromatic case, the angular distribution was analyzed by Goreslavskii et al. [28] . For γ ≫ η ≫ 1, they have evaluated the opening angle of the cone in which the radiation is emitted, as inversely proportional to the factor γ * associated with the "dressed" electron momentum. For the geometry chosen here, γ * decreases with increasing η. We also note that the opening angle of the cone in which the radiation is emitted decreases with the increase of γ at fixed η , in agreement also with the predictions made in [28] .
In the following, in Figs. 3-6 , we study in more detail the distribution of the emitted photons, by presenting the double differential spectra
as a function of the emitted frequency ω 2 , for a fixed value of θ γ−e . The calculations are made for the same initial scattering geometry (head-on collision) as in Fig. 2 and for the values 10 4 and 10 5 of the parameter γ.
In Fig. 3 we consider η = 0.5 and γ = 10 4 ; the three plots correspond, respectively, We shall discuss first case (a), the backward emission, because in the context we consider (head-on collision, circularly polarized laser) the situation differs drastically from that at and (c) of Fig. 3 , and the first one is dominant. We notice that the new spectral regions appear as soon as θ γ−e departs from 0, so they could influence the experimental observation of backward scattering at high intensity.
More maxima appear, except for the case (a), for a higher field intensity than in Fig. 3, as shown in Fig. 4 , corresponding to η = 2; also their structure becomes wider. The spectral region covered at θ γ−e = 0 becomes very wide; as in Fig. 3 , its width can be explained by the variable intensity during the pulse. For θ γ−e = 5 × 10 −5 π the width of the successive maxima is so large that they practically overlap. Fig. 3 and, respectively, Fig. 4 , but γ is 10 5 and the angle θ γ−e ten times smaller.
The qualitative behaviour of the results is the same, nevertheless, on the one hand the shift of the quantum results with respect to the classical ones is much larger and on the other hand, the classical spectrum spreads to much larger frequencies than the quantum one, which explains the smaller value of the frequency integrated spectrum ( dW/dΩ 2 , Fig. 2 ) for
Compton than for Thomson scattering.
For the larger intensity η = 2 in Fig. 6 , the position of the maxima is very different in classical and quantum cases, as it is for the line positions in the monochromatic case, and by radiation emission becomes narrower and it moves toward lower frequencies.
As we have just mentioned, the most important differences between classical and quantum predictions, are visible in Fig. 6 . Although at first sight, the case (a) seems similar to the other cases, it is not so. As already explained, all that is seen in case (a) corresponds to a line in the monochromatic case, that with N = 1 , in both Thomson and Compton scattering.
An increase of η will result in a broadening of the spectrum toward low frequencies, as according to (46) ω 2 decreases with the intensity. In the case (b) both in Compton and
Thomson case many overlapping maxima are present; also the Compton results indicate an upper limit of the frequency for the whole spectrum, corresponding in the monochromatic case to the cut-off frequency (49), independent on intensity. For γ = 10 5 this limit is ω cut−off ∼ 51 GeV, in both cases, as the two angles are very close. This value is practically equal to the kinetic energy of the incident electron. A further increase of the intensity will lead only to an increase of the intensity of this portion of the emitted spectrum, but will not extend it to larger frequencies. The value of the limit frequency can be changed only through the incident electron momentum magnitude and direction. For θ γ−e = 5 × 10
the classical spectrum spreads up to ω 2 ∼ 150 GeV, while for θ γ−e = 5 × 10 −6 the limit is ω 2 ∼ 250 GeV. This limit is due only to the finite value of the parameter η; Were η larger, additional maxima, located at larger values of ω 2 would appear, as there is no limit to the frequency spectrum in Thomson scattering. One can conclude that in the studied conditions, the classical results cease to be valid.
Finally, we present an example of polarization analysis of the emitted spectrum for Thomson scattering. We now choose a geometry different from that used in the previous cases, with the incident electron momentum along the Ox axis and orthogonal to the direction of propagation of the laser (always the Oz axis). We have chosen γ = 10 3 , η = 1 and the same frequency ω 1 , i.e. ω 1 = 1.17 eV, as in the previous cases. The emitted photon is detected in the plane defined by the direction of propagation of the laser and the direction of the incident electron, at an angle θ e−γ = 2.5 × 10 −4 π with respect to p 1 . In Fig. 7 (44), respectively. The results change in a visible manner with the laser polarization. In the case (a), when the laser is polarized along the electron initial direction, which corresponds to the choice ζ = 0 in Eq. (53), only the π component is present in the spectrum. If the laser is circularly polarized [ζ = π/2, case (b)], both components are present, the σ component being favored. Finally, the graph (c) is for the laser field linearly polarized on the direction orthogonal to the initial electron direction ( ζ = π), the geometry studied by Krafft et al. [12] . In this case the polarization of the successive peaks alternates: those with odd order have the π polarization, while the even order peaks are σ polarized.
VI. CONCLUSIONS
We have considered the basic equations of Compton and Thomson scattering of a nonmonochromatic electromagnetic plane wave on free electrons. We have derived the classical limit (35) of the quantum expression of the emitted radiation spectral and angular distribution (14) , valid for any polarization of the laser, for unpolarized initial electrons and summed over scattered electron spin and emitted photon polarization. In Appendix B, we have reobtained the expression (35) by transforming the standard more general formula of classical electrodynamics (20) . This latter calculation also allows the derivation of the contribution to the total distribution of the radiation with fixed polarization to be achieved. Analytic expressions for two particular polarization contributions are given in (43) and (44). These results are of the same type as those obtained by Krafft et al. [12] with a different analytical procedure and valid only for a linearly polarized pulse orthogonal to the initial electron direction. The differences between quantum and classical spectra, qualitatively discussed in Sect. IV, are illustrated by several graphs in Sect. V for the case of a circularly polarized pulse, head-on collisions and very energetic incident electrons. For electron energies above 500 MeV quantitative differences between classical and quantum results were shown. The influence of the laser polarization on the emitted radiation polarization is illustrated in Fig.   7 , for the case of Thomson scattering. trajectory follows from the well-known equations [36] z(t) = c 2(
The first relation is an implicit equation from which one derives z(t) . Once this equation is solved, the position r ⊥ in the plane orthogonal to the direction of propagation follows. As for φ = φ 0 one has r = 0 , it follows that the value of φ 0 coincides with the initial moment at which the electron is supposed to be free.
From (A1) one obtains the velocity:
For A = 0 the velocity reduces to c 2 p 1 /E 1 , with E 1 = c m 2 c 2 + p 2 1 . So, in the case of a laser pulse, the velocity at the end of the pulse is the same as the beginning of the pulse,
But, as is also known, the equations (A1) allow the coordinates to be treated as depending explicitly on the variable φ . These relations have been used in transforming the classical phase from (21) to (24) .
We perform several transformations.
1) The standard integration by parts [10] , based on
leads to the structure
Both vectors L 1 and L 2 are in fact not well defined if the integration limits t 1 and t 2 go to −∞ and to ∞ , respectively. Nevertheless, for the electron initially at rest, as the velocity will be zero at the end of pulse, too, one has L 1 = 0 and one gets the formula (22) .
2) In the term L 2 we make the change from the variable t to the variable φ = t−r·n 1 /c .
We use the expression of dφ/dt in (A3) and we write the phase Φ cl (p 1 ; φ) as in (24) . The integration limits become φ 1 = t 1 − z(t 1 )/c and φ 2 = t 2 − z(t 2 )/c .
3) Using (A2), we write the expression of β as
then we split β as
isolating the term that does not vanish in the absence of the electromagnetic field. Accordingly to this, we also split the integral L 2 as
4) We perform an integration by parts in L 2a based on exp iω 2 φ n 2 · p 1 
with W defined in (25).
5)
One notices easily that L 1 + L
(1) 2a = 0 , as the velocity of the electron is the same at the beginning and at the end of the pulse [see (A4)]. So the vector L in (B2) we are looking for is expressed as
where L
2a and L 2b given by (B8) and (B7), respectively. In the expression we have derived for K(t 1 , t 2 ; ω 2 , n 2 ) we can take now the limits φ 1 → −∞ and φ 2 → ∞ , corresponding to t 1 → −∞ and t 2 → ∞ . By the transformations performed we have justified the final result, Eqs. (37) and (38), for the vector K in (20) , valid for an electromagnetic plane wave.
